We study quantum systems of interacting electrons, magnetic monopoles, and electromagnetic field. We formulate a convenient field theory, in which the electron-photon, monopole-photon, and electron-monopole interactions take simple forms.
rived from the action principle [19] . In the quantum mechanical formulation, we are going to regard (a) and (b) as kinematic equations and exploit their consequences. Let us begin with the first equation, namely, ∇ · B = gρ m . We would like to separate out a part of B, such that the rest has vanishing divergence. In mathematical form, we have
in which b
′ (x, t) = g dyG(x, y)ρ m (y, t),
with the shorthand notation G(x, y) = −∇ 1 4π|x − y| = x − y 4π|x − y| 3 (3)
It is readily seen that b ′ (x, t) satisfies ∇ · b ′ (x, t) = gρ m (x, t), therefore, we have ∇·b(x, t) = 0, as we required. It is therefore possible to introduce a vector potential a such that
Next we would like to do the similar trick for the electric field. This step is less straightforward. Here we would like to make use of the second kinematic equation, namely (b). We split the electric field as E = e + e ′ , such that the kinematic part e ′ satisfies
Together with Maxwell equation (b), it also implies ∇ × e + ∂ t b = 0
Since the explicit formula for b ′ has already been given, we can use Eq.(5) to determine e ′ , for which we indeed find a solution e ′ (x, t) = g dyG(x, y) × j m (y, t)
To avoid distractions by too many details, we have left the calculations for this to Appendix A. One of the merit of splitting E as e + e ′ is as follows. Inserting Eq.(4) into Eq.(6), we have ∇ × (e + ∂ t a) = 0, which suggests us to write down e + ∂ t a = −∇a 0 , or equivalently, e = −∂ t a − ∇a 0 . Summarizing these equations, we have the following mathematical expressions for the electric and magnetic fields in terms of gauge potential E = −∂ t a − ∇a 0 + e ′ ; B = ∇ × a + b ′
If magnetic monopole is absent, then b ′ = e ′ = 0, and these formulas are reduced to the usual ones. Roughly speaking, in Eq. (8) we have separated the electromagnetic field into two parts, the dynamic part described by e and b, and the kinematic part described by e ′ and b ′ . The latter is fully determined by the monopole density and current. It is worth emphasizing that the two equations obtained in Eq. (8) are natural consequences of (a) and (b) of the Maxwell equations.
Have written E and B in convenient forms, we are now ready to present the path integral formulation. The Lagrangian density of the monopole-photon system is given as
where the first part is
E and B being given by Eq. (8) . The second part of L, namely L g , is the Lagrangian density of monopoles. If we take the monopoles as Dirac particles (though our results are not limited to Dirac particles), we have
where α i and β are Dirac matrices, and M is the (bare) mass of monopoles. The monopole density is ρ m = ψ † ψ, and the monopole current is j m = ψ † αψ (or j i m = ψ † α i ψ). As the last part of the Lagrangian density, L λ is a gauge fixing term [20] , which is added to ensure that the photon propagator is nonsingular. The nature of this term in our formulation is the same as that in usual quantum electrodynamics without monopole [21] , therefore, we shall not discuss it in more detail. For simplicity, we take L λ to be
though other choices are also allowed. Now the full quantum theory is based on the path integral [22] 
To achieve a convenient field theory of interacting magnetic monopoles and photons, we have to investigate the Lagrangian density in more depth. A peculiar feature is worth noting. At first sight, it seems that the partial derivative ∂ i in L g should be replaced by a covariant derivative, describing the monopole-photon interaction. Somewhat surprisingly, this is unnecessary and the partial derivative suffices. In fact, the monopole-photon interaction has already been included in L f . To see this fact, we can expand L f as
After integration by parts and discarding total derivatives [23] , we have
Now the complete Lagrangian density of monopole-photon system is
Let us figure out the physical meanings of these terms. The first three terms of Eq. (16) give rise to the familiar bare photon propagator (propagator of (a 0 , a)), which can be found in textbooks. We list them as [24] 
where q = (q 0 , q) and q 2 ≡ q 2 0 −q 2 . These formulas simplify in the λ → 0 limit, wherein D 0i = 0, thus a and a 0 are decoupled, and the longitudinal modes of a are eliminated [25] .
What are the meanings of the last three terms of Eq. (16) (19) which is just the magnetic Coulomb potential among monopoles. The 1 2 (e ′ ) 2 term in Eq. (16) can be simplified to current-current interactions (also see Appendix B) 
which describes a nonlocal interaction between monopoles and electromagnetic field: a(x, t) is coupled to j m (y, t) with a decaying factor D(x, y). It is apparently invariant under a gauge transformation of a [27] . In momentum-frequency space, Eq. (21) gives rise to the monopole-photon interaction
a q , j m (q), ψ † k and ψ k being the Fourier transformations of the corresponding quantities in spacetime. The "q × a" factor in Eq. (22) indicates that a suffers a π/2 rotation around q before being coupled to monopoles. This is physically intuitive, because E and B in a propagating electromagnetic wave are related by a π/2 rotation around q.
The monopole-photon interaction obtained in Eq. (22) is apparently different from that of Ref. [16] , wherein the interaction vertex does not contain a q 0 factor. In addition, the direct current-current interaction, which is given by Eq. (20) , is absent in Ref. [16] . As far as we can check for various physical processes, the two approaches lead to the same results, though the present approach is more convenient in many cases. In the Appendix D, we will return to a comparison of these two approaches.
Based on above calculations, we present a more explicit expression for Eq. (16) as
Compared with the Hamiltonian approach [16] , in which inspired guesswork ( about the monopole-photon interaction, etc ) is required, the present approach is more automatic. Monopole-photon systems can also be described by minimally coupling monopoles to a (dual) gauge potential, the resultant theory being equivalent to the usual quantum electrodynamics. Therefore, the formulation in this section can be regarded as another version of the quantum electrodynamics [28] . The merit of our formalism will manifest in its application to electron-monopole-photon systems, to be investigated in the next section.
III. INTERACTIONS OF ELECTRONS, MAGNETIC MONOPOLES, AND PHOTONS
Having addressed the problem of monopole-photon interaction in the previous section, we shall formulate in this section the path integral quantization of electron-monopole-photon systems in the framework of fiber bundles, avoiding the troublesome "string singularities".
In addition to the monopole-photon interaction found in the previous section, for electron-monopole-photon systems we have to write down the electron-photon and electronmonopole interactions. To this end, we express the kinematic part of magnetic field as
in which we have introduced a function A(x, y), which satisfies ∇ × A(x, y) = G(x, y). We can see that A(x, y) cannot be single-valued, otherwise we would have
In fact, the most natural language for this problem is the fiber bundle [13, 14] . Following Ref. [13, 14] , we divide the space into two overlapping patches, R a and R b . It is convenient to express x − y in the spherical coordinate (r, θ, φ) (with θ ∈ [0, π]), namely, x − y = (r sin θ cos φ, r sin θ sin φ, r cos θ). The first patch R a is defined by θ < θ 0 , while the second patch R b is defined by θ > π − θ 0 , θ 0 being a constant in (π/2, π). We define [13] A a (x, y) = 1 − cos θ
It is readily found that
, where the mathematical formula for a ′ 0 is to be determined shortly. The coupling of electromagnetic field to electrons reads
Including this electromagnetic coupling, we have the following Lagrangian density for Dirac electrons
where c † , c are the Grassmann numbers (anti-commuting numbers) denoting electrons, α i , β are the Dirac matrices,
are the covariant derivatives, and m is the electron (bare) mass. Now we have to check the mathematical consistency of the definition of L e , and find the formula for a
Since a is patch-independent, it is unambiguous, however, the definition of a ′ does depend on the patch choice. In regions where two patches overlap, it is unclear which patch we should choose to define a ′ . Let us be more quantitative on this feature. Since monopoles are point-like, the magnetic charge density can be written as gρ m (y, t) = l g l δ(y − y l ) (We have g l = ±g, where the minus sign is for anti-monopoles). Each (anti-)monopole labelled by l determines two patches denoted as a and b, in which A(x, y) in Eq. (24) is defined as A a (x, y) and A b (x, y), respectively. It is readily seen that a ′ in different patches are related by
where y l is the position of monopole. To ensure the independence of L e on patch choices, the Grassmann numbers c † , c have to be patch-dependent, and follow a prescribed transformation c † (a) , with γ suitably chosen. This is readily understood in the language of fiber bundle. To keep c † (−i i α i D i )c independent on the patch choice, we find [using Eq. (28) ] that γ satisfies ∇γ = − 1 2π eg l ∇φ(x, y l ), which is equivalent to
To ensure that e iγ is single-valued, we must have the Dirac quantization condition eg/2π =integer. In other words, the Dirac quantization condition is necessary for L e to be independent of the patch choice. Moreover, to preserve the patchindependence of c † (iD t )c, we find that
To be consistent with this transformation rule, we have to define
With this definition we find that the equation
, which is a consistency check. The full quantum theory is based on the path integral
where the Lagrangian density is
Eq. (33) is a central equation of the present paper. Now the dynamical part ("photon") of electromagnetic field, described by a, is neatly separated out, while e ′ and b ′ are kinematic fields fully determined by electrons and monopoles[see Eq. (2) and Eq. (7)]. Various interactions are described by the covariant derivatives and the last three terms of Eq. (33) . The monopolephoton interaction is automatically included in L f , without the need of being put in by hand.
It is worth emphasizing that the partial derivative ∂ i appears in L g , while the covariant derivative D i appears in L e . This feature resonates with the classical Lagrangian theory [14] .
Taking advantage of Eq. (19), Eq. (20), and Eq. (21), we have the following more explicit expression for Eq.(33)
In the Coulomb gauge (the λ = 0 gauge), a 0 can be straightforwardly integrated out, yielding the electrical Coulomb energy. In this gauge the full Lagrangian can be recast as
where a T denotes the transverse part of a, and the longitudinal part of a is absent. In the momentum space, the last three terms of Eq.(35) read
IV. EQUATIONS OF MOTION
We will first discuss equations of motion as extremal conditions in the variation method, then we proceed to promote them to quantum equations of motion, which is readily done in the path integral formulation.
We take the Lagrangian of electron-monopole-photon systems, namely Eq.(34), as our starting point. We now show that the Maxwell equations, and the Dirac equations and Lorentz equations for both electrons and monopoles can be obtained from variation method (We have to discard the gauge fixing term L λ in taking variation). Let us study the Maxwell equations first. The Maxwell equations (a) and (b) are automatically satisfied by our formulation, thus we only need to establish (c) and (d).
The action is defined as the integral of Lagrangian density, namely S = dtdx L(x, t). The variational equation δS /δa 0 = 0 leads to
Because of ∇ · e ′ = 0, this equation is equivalent to
which is simply the Maxwell equation (c).
The variational equation δS /δa = 0 leads to (39) in which the first two terms are obvious, the ∂ t e ′ term comes from the fourth term of Eq. (34) , and the ej e term comes from the sixth term of Eq.(34). Eq.(39) can be rewritten as
where we have used ∇×b ′ = 0. Eq. (40) is simply the Maxwell equation (d).
Now let us take variation of the action with respect to c † . Because only the sixth term in Eq.(34) contributes, the result is simply
The remaining variation problem is δS /δψ † = 0. By a straightforward calculation, we have
which can be recast as
whereD t = ∂ t + igĀ 0 andD i = ∂ i − igĀ i , the potentialsĀ 0 and A being given bȳ
A(x, t) = −e dyA(x, y)ρ e (y, t) + dyD(x, y)∇ y × ∂ t a(y, t)
In the path integral formalism, the classical equations of motion can be readily promoted to quantum equations of motion for the correlation functions of operators in the Heisenberg picture [21] . Let us take the Dirac equation for electrons as an example. By the invariance of the path integral
under a shifting of electron variable c † (x, t), we can obtain that
According to the general correspondence between the path integral (with insertions of field variables at arbitrary spacetime points) and the correlation functions of operators in Heisenberg picture (see Ref.
[21]), we have
where T denotes time ordering, |Ω denotes the vacuum state (or ground state), and the subscript "H" refers to the Heisenberg picture. The simple equation δS /δc
(x, t) has been used in deriving Eq.(47).
More concisely, we can write down the operator equation
In this way classical equations of motion can be translated into operator equations. Similarly, the Dirac equation for monopoles, and the Maxwell equations can be translated into operator equations. Now let us study the fate of Lorentz equations. In classical electrodynamics, an electron feels Lorentz force in an electromagnetic field, such that its momentum satisfiesṗ = e(E + v × B), where v is the velocity of the electron. Similarly, a monopole satisfies a dual Lorentz equationṗ = g(B − v × E), in which v is the velocity of monopole. We would like to find the counterparts of classical Lorentz equations in our formulation.
First we study the Lorentz equation for electrons. The momentum p i in the classical Lorentz equation is replaced by the local operator c † H (−iD i )c H (x, t), and we have the operator equation
or equivalently,
where E and B are also understood as operators in the Heisenberg picture. This is the "Lorentz equation" in our formulation. It is a local operator equation. Similarly, we can obtain an Lorentz equation for monopoles, which reads
whereĒ = −∂ tĀ − ∇Ā 0 andB = ∇ ×Ā. In the Appendix C we show thatB
andĒ
therefore, Eq.(51) can be recast as
To summarize this section, we have established that all Maxwell equations and Lorentz equations hold in our formulation as operator equations. The efficiency of promoting classical equations of motion to operator equations in the path integral formalism is notable.
V. DUAL FORMULATION
In Sec.IV we have implicitly touched the dual description, where the dual electromagnetic fieldB andĒ were used. To discuss the dual formulation in a transparent way, we define the dual quantitiesē
and the covariant derivatives
The dual equations of Eq. (8) read
in whichē ′ is defined as
which is dual to Eq.(7). Similarly,b ′ is defined as the dual equation of Eq.(2). Together with the relationB = −E, Eq.(60) implies
which is also suggested by Eq.(44). Similarly, we also have [30] a(x, t) = − dyD(x, y)∇ y × ∂ tā (y, t) + e dyD(x, y)j T e (y, t)
As a consistency check, we can see that Eq.(63) can be obtained from Eq.(62) by adding an overbar to each variable and usingā = −a.
In the remainder of this section, we would like to show that a dual description can be obtained by changing the variables of path integral from (a 0 , a) to (ā 0 ,ā). Furthermore, we show that the dual description is equivalent to the original description. For the purpose of this section, it is convenient to use a more compact but equivalent expression for the Lagrangian density, which reads
in which E and B is given by Eq. (8) . It is readily seen that the Lagrangian density given in Eq. (64) is equal to the one given in Eq. (33) . For simplicity we take the λ → 0 limit (the Coulomb gauge) in this section, such that only transverse modes of a remain.
In the dual description, we use the dual gauge potentialsā andā 0 as the fundamental variables in path integral. The dual LagrangianL is obtained from L by simply adding an overbar to each electromagnetic quantity. It is given as
in which the gauge fixing term in Eq. (65) is given asL λ = 1 2λ (∇ ·ā) 2 . It is a straightforward exercise to expand the dual LagrangianL as
Compared to Eq.(33), the covariant derivative in Eq. (66) is associated with monopoles instead of electrons. Now we would like to show that the difference L −L, without inclusion of the gauge fixing terms L λ andL λ , is actually a total derivative, therefore, the two Lagrangian dxL(x, t) and dxL(x, t) are equivalent. In fact, with the input of Eq.(58), we have
e )](67) in which we have excluded the gauge fixing terms L λ andL λ . It is not difficult to check that the last four terms in the parenthesis vanish. Moreover, the Maxwell equations can be used to rewrite e dx(−a 0 ρ e + a · j e ) as
in which "∂ t (. . .)" denotes total derivatives with respect to t. It follows that
In the Coulomb gauge (λ = 0) in use, we haveē dxā
in which the first term can be recast, according to Eq.(8), as
In addition, we can make use of Eq.(62) and rewrite the second term in Eq.(70) as
By summing Eq.(71) and Eq.(72), it is now straightforward to see that Eq.(70) reads
which is the central result of this section.
In the original description with Lagrangian L given in Eq. (33) or Eq.(64), electron-photon interaction is apparent in the covariant derivative, while the monopole-photon interaction comes from L f = 1 2 (E 2 − B 2 ). In the dual description with Lagrangian given in Eq.(65) or Eq.(66), monopolephoton interaction is apparent in the covariant derivative, while electron-photon interaction comes fromL f = 1 2 (Ē 2 − B 2 ). It is assuring to see in this section that L =L + total derivative terms, therefore, L andL describe the same physics, as they should do. The interested readers are also referred to Ref. [14] for the dual transformation of the classical Lagrangian.
VI. EFFECTIVE MONOPOLE-MONOPOLE INTERACTION: A CONSISTENCY CHECK OF THE PROPOSED LAGRANGIAN
In our formulation monopoles are coupled to electromagnetic field in a unusual manner. For instance, there is a q 0 factor in the monopole-photon interaction found in Eq. (22) . We would like to design nontrivial checks for it. We expect that different approaches lead to the same result for the same system, otherwise our theory would be in trouble.
For simplicity of notations, let us consider monopolephoton systems without the complication of electrons. We would like to calculate the effective action of monopoles after photons are integrated out. There are two methods to do this, as given in Sec.VI A and Sec.VI B below, which, by the internal consistency of our formulation, should lead to the same result.
A. Effective monopole-monopole interaction in the dual description
This method is the easier one. Because of electromagnetic duality, monopole-photon problem is equivalent to electronphoton problem. In other words, we can regard the monopolephoton problem as the dual of quantum electrodynamics. In this approach, magnetic charges are minimally coupled to the electromagnetic field asē (ā ·j e −ā 0ρe ),
in whichj e ≡ j m ,ρ e = ρ m , andē = g. The quantities with overbar are the dual variables (see Sec.V). It is straightforward to integrate out photons in the Coulomb gauge, yielding the effective action for monopoles as
where q = (q 0 , q), and q 2 ≡ q 2 0 − q 2 . The second term describes current-current interaction, and the last term describes the magnetic Coulomb energy.
B. Effective monopole-monopole interaction in the original description
In the original description, monopole-monopole interaction is described by the Lagrangian density given in Eq. (34) . There are two contributions to the effective magnetic current-current interaction. The first part is mediated by a, the interaction vertex being given by Eq. (22) . Its contribution to the effective action of monopoles is found to be
which looks quite different from the current-current interaction in Eq. (76), because of the awkward q 2 0 /q 2 factor. Fortunately, there is a second contribution to the current-current interaction, namely the 1 2 (e ′ ) 2 term, which is simplified in Eq.(B5). Adding these contributions together, we have the total current-current interaction
This current-current interaction is the same as the one found in Eq.(76). The awkward q 0 factor turns out to be an indispensable part of the entire theory. The Coulomb energy is given by the − This exact match between two vastly different approaches reinforces our confidence in the validity of Eq. (33) .
As a final remark to this section, we mention that the effective electron-monopole interaction can also be found in the original and dual descriptions, with matching results. Without going into details, we note that the effective electronmonopole interaction mediated by photon takes the form of
. This part of the effective electron-monopole interaction can also be obtained using the Hamiltonian formalism [16] , though the present approach is more convenient (e.g. The appearance of q 0 factor is less straightforward in the approach of Ref. [16] ).
VII. FINAL REMARKS
In this paper we have formulated a method for the quantization of electron-monopole-photon systems through the path integral approach. In this formulation, the electronphoton, monopole-photon, and electron-monopole interactions emerge in a natural manner, for instance, the monopolephoton interaction is automatically generated from the Lagrangian of electromagnetic fields. In our formulation no Dirac string is involved, thanks to the language of fiber bundle.
Our formulation is applicable in both relativistic and nonrelativistic cases. Since the Coulomb gauge is used, Lorentz invariance is not manifest in this formulation. In the present paper we have not addressed the problem of renormalization, which is left for future works.
On the one hand, the interaction of electrons, magnetic monopoles, and photons is a fundamental theoretical topic. On the other hand, magnetic monopoles have long been candidates of fundamental particles in high energy physics. Recently monopoles have also found renewed interests in condensed matter physics [31] [32] [33] [34] [35] [36] [37] . We thus hope that our approach can be applied to a variety of systems. In this appendix we show that Eq. (7) is a solution of Eq.(5). Taking the curl of Eq. (7), we have
where "∇ ( ∇ ′ )" refers to the gradient with respect to x ( y ). In this calculation we have used the law of conservation of magnetic charge. Combining Eq.(A1) with the definition of b ′ , namely Eq.(2), we have
which is just Eq.(7). We also note that ∇ · e ′ = 0. 
We would like to mention that the last line of Eq.(B2) can also be written as 
Let us start from the present Lagrangian formulation. We
